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1. Indroduction

Contact line dynamics play a major role in a variety of indus-
trial applications, including coating processes [1], inkjet 
printing [2], spray cooling [3] and microfluidic devices. 
Despite the huge amount of work published so far on the 
dymanics of wetting, a fully satisfactory and efficient phys-
ical description is still missing while the governing physical 
processes remain unclear [4–8] and there are still significant 

challenges that need to be overcome such as the description of 
droplet motion on complex surfaces.

It is well known that the droplet motion along an inclined solid 
surface can be accompanied by the effect of contact angle hys-
teresis. In fact, a droplet may remain stationary below a critical 
inclination angle or slide at constant speed for larger angles while 
further increase of the inclination angle may lead to cusp forma-
tion at the rear of the droplet [9–12]; see Savva & Kalliadasis 
[13] for a very informative review on both the experimental 
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Abstract
This work investigates the dynamics of droplet interaction with smooth or structured solid 
surfaces using a novel sharp-interface scheme which allows the efficient modelling of 
multiple dynamic contact lines. The liquid–gas and liquid–solid interfaces are treated in a 
unified context and the dynamic contact angle emerges simply due to the combined action 
of the disjoining and capillary pressure, and viscous stresses without the need of an explicit 
boundary condition or any requirement for the predefinition of the number and position of 
the contact lines. The latter, as it is shown, renders the model able to handle interfacial flows 
with topological changes, e.g. in the case of an impinging droplet on a structured surface. 
Then it is possible to predict, depending on the impact velocity, whether the droplet will fully 
or partially impregnate the structures of the solid, or will result in a ‘fakir’, i.e. suspended, 
state. In the case of a droplet sliding on an inclined substrate, we also demonstrate the 
built-in capability of our model to provide a prediction for either static or dynamic contact 
angle hysteresis. We focus our study on hydrophobic surfaces and examine the effect of the 
geometrical characteristics of the solid surface. It is shown that the presence of air inclusions 
trapped in the micro-structure of a hydrophobic substrate (Cassie–Baxter state) result in the 
decrease of contact angle hysteresis and in the increase of the droplet migration velocity in 
agreement with experimental observations for super-hydrophobic surfaces. Moreover, we 
perform 3D simulations which are in line with the 2D ones regarding the droplet mobility 
and also indicate that the contact angle hysteresis may be significantly affected by the 
directionality of the structures with respect to the droplet motion.
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and theoretical efforts on this subject. The effect of contact 
angle hysteresis has been commonly attributed to the heteroge-
neity of the substrate or its specific structure. Since, however, 
in many cases the scale of roughness or chemical heterogeneity 
is much smaller than the characteristic size of the droplet, the 
most common approach on the literature is to account for the 
effect of hysteresis in a phenomenological way. This is typically 
done, both in diffuse and sharp interface models, by prescribing 
a static advancing and receding contact angle and assuming that 
when the dynamic contact angle acquires a value between these 
two values, there is no contact line motion. Outside this range, 
the dynamic contact angle may either be considered to remain 
fixed to the corresp onding advancing or receding contact angle 
[14, 15] or a Cox–Voinov condition can be applied for relating 
the velocity of the contact line with the dynamic contact angle 
[16–19]. It should be noted that even though such schemes are 
useful in practical applications they do not offer a way to actu-
ally predict the contact angle hysteresis for a certain combina-
tion of liquid and substrate. For the latter, it has been argued that 
it is necessary to take into account the heterogeneity of the mat-
erial and early efforts focused mainly on the effect of chemical 
heterogeneities [20, 21].

The modelling of spreading droplets on topographically 
structured substrates is significantly more challenging com-
putationally and few theoretical studies exist in the litera-
ture, most of which were performed either by employing 
the lattice Boltzmann method [22, 23] or in the thin film 
approximation [13, 24–26]. One key difficulty in the case 
of complex structures is the possibility of air inclusions 
trapped at the solid-liquid interface which may result to 
the presence of multiple contact lines. For example, it has 
been shown that when a hydrophobic surface is covered 
with micro-structures the repellency may be considerably 
enhanced by the presence of gas pockets [27–30], limiting 
the contact between the liquid and the solid; this wetting 
state is known as Cassie–Baxter (or ‘fakir’ state) and differs 
from the Wenzel state in which the surface is completely 
wetted by the liquid. In such cases, the number of existing  
contact lines as well as their position cannot be known  
a priori but have to be computed as part of the solution; this 
can be a very difficult, if not impossible, task for the usual 
models based on the Cox–Voinov equation.

A related problem where a change in the topology also takes 
place is the case of impinging droplets on solid surfaces; a large 
number of experimental investigations have been reported on 
this subject in the literature (e.g. see [31–39] and references 
therein). In most practical applications the efficiency of a super-
hydrophobic surface relies ultimately on its ability to repel 
impinging drops (rain drops, sprays, etc). It has been shown 
that the relationship of the impact velocity and the geometric 
characteristics (roughness and micro-structure) of the solid sur-
face may affect significantly the transition from a hydrophobic 
repellent state to a Wenzel state [40–45]. So far, due to the 
aforementioned difficulties on the modelling of droplet impact 
on structured surfaces most of the theoretical studies in the lit-
erature have focused on the study of flat surfaces [46–57]; a 
recent informative review on these efforts can be found in [58]. 
Notable exceptions of studies on the effect of surface structures 

on the droplet dynamics are the works of [59–62] who employed 
either the volume-of-fluid (VOF) or the LB method.

An efficient methodology, using a sharp-interface model, to 
overcome the difficulty concerning the change in the topology 
of the physical domain and the presence of multiple contact 
lines, has been employed recently for both static and dynamic 
computations by Chamakos et al [63–65]. According to this 
approach, the liquid–gas and the liquid–solid interfaces are 
treated in a unified context (one equation for both interfaces) 
by employing the notion of the Derjaguin (disjoining) pres-
sure [66] to model the micro-scale liquid–solid interactions. 
The main advantage of this method is that it avoids the imple-
mentation of a specific boundary condition at the contact 
line. The position of the contact line as well as the dynamic 
contact angle emerge simply as the result of the combined 
action of the disjoining and capillary pressure. Chamakos  
et al [65] employed this model to examine the case of a droplet 
impinging on (i) ideally smooth substrates with no friction 
and (ii) surfaces with micro-scale roughness and were able to 
show that in the latter case the effective shear stresses arise 
macroscopically due to the structure of the substrate. It should 
be noted, though, that although the proposed sharp-interface 
model appears to be quite robust for rough and complex struc-
tures, it cannot be used for the modelling of the simple case 
of a non-ideal flat solid surface (i.e. macroscopically smooth) 
without considering a geometric heterogeneity which generates 
friction; the term macroscopically smooth is used for a surface 
that is not ideal i.e. not molecularly smooth. This is clearly due 
to the fact that the effects of the tangential stress component of 
the ambient phase (i.e. the liquid–air or liquid–solid interface) 
have been completely ignored, thus the model predicts a shear-
free flow near an ideally flat solid surface. Even though a mac-
roscopically smooth surface could in principle be represented 
by a model flat surface with an arbitrary nanoscale roughness, 
the computational requirements for modelling contact line 
dynamics on such small scale roughness would be prohibitive.

The scope of the present work is to provide a generaliza-
tion of the previous model [65] by introducing an effective slip 
length in order to provide an efficient model which takes into 
account the effect of friction in the case of macroscopically 
smooth surfaces and to enable comparisons and predictions 
for realistic rough or patterned substrates. This is particularly 
important when it comes to the study of 3D effects due to the 
increasing computational cost. One additional benefit is that 
the combination of the two approaches makes possible the 
modelling of flows over structures of multiple scales. The 
model will be implemented to examine two important cases: 
(i) impinging droplets on a horizontal surface and (ii) droplet 
motion on an inclined surface. Both cases of macroscopically 
flat and structured surfaces will be considered. As it will be 
shown below, our model compares favourably against the 
experimental observations for impacting droplets on smooth 
substrates both in terms of the spreading radius as well as the 
dynamic contact angle. In the case of structured surfaces it is 
examined under which conditions the droplet may fully wet 
the topography of the substrate (Wenzel state) or result in a 
partially wetted state (Cassie–Baxter state) with the presence 
of air inclusions. Another part of this work is devoted to the 
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study of the droplet motion on a inclined surface and it is dem-
onstrated that the model is able to provide predictions for both 
the static and dynamic component of hysteresis. Interestingly, 
it is shown that the presence of air inclusions trapped in the 
micro-structure of a hydrophobic substrate (Cassie–Baxter 
state) may result in the decrease of contact angle hysteresis 
and in the increase of the droplet mobility in qualitative agree-
ment with experimental observations for super-hydrophobic 
surfaces. Our 3D calculations also indicate that the contact 
angle hysteresis is significantly affected by the directionality 
of the substrate topography with respect to the droplet motion.

The remainder of the paper is organized as follows. In sec-
tion 2, we describe the system of governing equations and out-
line the numerical scheme that is used for the simulations. The 
results are presented and discussed in section 3. Finally, the 
concluding remarks are given in section 4.

2. Problem formulation

We consider the dynamics of a liquid droplet interacting with 
a rigid solid surface with inclination angle, α (see figure 1). 
The droplet is considered to be a Newtonian incompressible 
fluid, with nominal radius, R, density, ρ, viscosity, μ and sur-
face tension, σ. We scale all lengths with the nominal droplet 
radius, R, which is defined as R A/π=  for the case of 2D 
droplets with surface area, A, and as R V3 /43 π=  for 3D 
or axisymmetric droplets with volume, V. The velocities are 
scaled with a characteristic velocity U∗ of the flow (it will 
be defined below depending on the problem in hand), and 
pressure and stresses with U R/1µ

∗ . Substituting this scaling 
into the governing equations  and boundary conditions, the 
dimensionless groups that emerge are the Reynolds number, 

U RRe /ρ µ= ∗ , the Stokes number, gR USt /2ρ µ= ∗, and the 
capillary number, UCa /µ σ= ∗ .

Inserting the previously defined characteristic quantities 
into the momentum and mass conservation equations, we 
obtain:

t
T a a

v
v v e eRe St cos sin 0,x x2 1( )⎜ ⎟

⎛
⎝

⎞
⎠

∂
∂
+ ⋅ ∇ −∇ ⋅ + − =

 

(1)

v 0,i∇ ⋅ = (2)

where ∇ denotes the gradient operator, v is the velocity vector 
and T is the total stress tensor

T PI v v .T( )= − + ∇ +∇ (3)

Here, P denotes the pressure and I is the identity tensor.

2.1. Boundary conditions

Solution of the above set of equations is determined subject to 
the following boundary conditions. Following the approach of 
Chamakos et al [65] we treat the liquid–gas and liquid–solid 
interfaces in a unified context. Along these interfaces the flow 
field satisfies the local interfacial force balance between the 
stresses in the liquid and the ambient phase

T Tn n n
2

Ca
,ext⋅ = ⋅ +

H
 (4)

where n denotes the outward unit normal, Text the total stress 
tensor of the ambient phase and 2H is the mean curvature of 
the interface

n2 ,s= −∇ ⋅H (5)

while s∇ is the surface gradient operator, defined as

I nn .s ( )∇ = − ∇ (6)

Equation (4) can be rewritten as follows

T T Tn n n n n t t n
2

Ca
,ext ext( ) ( )⋅ = ⋅ ⋅ + ⋅ ⋅ +

H
 (7)

where Tn next⋅ ⋅  and Tn text⋅ ⋅  denote the normal and tan-
gential stress component of the ambient phase, respectively. 
Assuming that the viscosity of the air is negligible, the effect 
of the flow in the gas phase can be neglected. Moreover, 
following the approach of Chamakos et al [65] the normal 
micro-scale liquid–solid interactions are introduced through 
a disjoining pressure term, Π, which accounts for the pres-
ence of antagonistic short- and long-range intermolecular 
forces

T Pn n ,gext⋅ ⋅ = − + Π (8)

Figure 1. Schematic of a droplet sliding on a (a) flat or (b) structured solid substrate inclined at angle, α.
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where

w A A

Ca
.

C C
ls

1 2⎡

⎣
⎢
⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝
⎜

⎞
⎠
⎟

⎤

⎦
⎥

δ δ
Π =

+
−

+ε ε
 (9)

A similar approach has been used widely in the literature 
for the modelling of contact lines in thin film flows [67–69], 
however as it was shown by Chamakos et al [64, 65, 70] its 
applicability can be far more generic. The idea is to use a 
Lennard–Jones type potential (equation (9)) (not to be con-
fused with the conventional 12-6 L–J potential) as a simple way 
to approximate strong repulsion at short distances between the 
liquid and the solid phases, and attraction at intermediate dis-
tances. The action of the potential is taken into account only 
along the interface and its range is small compared to both 
droplet radius and the scale of solid structures.

The wetting parameter, wls, (in equation  (9)) is directly 
related with the substrate wettability through the following 
relation

w C C A

C C
cos

1 1
1,Y

ls 1 2

1 2

( )
( )( )

θ =
−

− −
− (10)

where Yθ  denotes the Young equilibrium contact angle and 
the exponents C1 and C2 control the range of the micro-scale 
liquid/solid interactions; large values of C1 and C2 reduce the 
range within which micro-scale interactions are active. In 
equation (9), δ denotes the distance of separation between the 
solid and the liquid surface and in the case of a perfectly flat 
solid surface, δ is simply defined as the vertical distance of the 
liquid surface from the solid boundary (see figure 1(a)). The 
minimum distance of separation, minδ , between the liquid and 
the solid phase (the distance at which the interaction forces 
between liquid and solid are minimized) is controlled by 
the constants A and ε, i.e. Aminδ = − ε . For the simulations 
that will be presented below we consider the disjoining pres-
sure constants value in accordance with previous studies [64, 
65], namely: C1  =  12, C2  =  10, A  =  0.009, 0.008=ε , unless 
noted otherwise.

For the purposes of their study, Chamakos et al [65] 
ignored the effect of the tangential stress component of the 
ambient phase, Tn text⋅ ⋅ , considering a shear-free condition. 
Here, a generalised boundary condition will be considered that 
incorporates the possibility of partial fluid slip along the solid 
boundary, by introducing the Navier slip model. According 
to this model, it is assumed that the velocity along the solid 
surface is proportional to the shear stress at the surface

Tn t t v ,ext eff( )β⋅ ⋅ = ⋅ (11)

where effβ  denotes the effective slip coefficient (i.e. the scaled 
inverse slip length). Since our formulation treats the gas and 
solid phase in a unified context, a continuous function is 
needed and the following expression is employed

1 tanh 5 1 .eff sl
min

⎛

⎝
⎜⎜

⎡
⎣
⎢

⎛
⎝
⎜

⎞
⎠
⎟
⎤
⎦
⎥

⎞

⎠
⎟⎟β β

δ
δ

= − − (12)

slβ  is a parameter which accounts for the adhesion properties 
of the liquid droplet on the solid surface. According to equa-
tion  (12) effβ  is equal to slβ  along the liquid–solid interface 

(for minδ δ≈ ) and zero everywhere else implying a shear-
free boundary condition along the liquid–gas interface; this 
variation takes place at a smaller length scale than the action 
of the disjoining pressure. If slβ  acquires very large values 
( 1slβ � ) we recover the usual no-slip boundary condition 
along the liquid–solid interface (from equation (11) if 1effβ �  
then t v 0⋅ ≈ ) whereas for moderate values of this parameter 
partial slip is allowed. In contrast to [65], the present model 
allows to account for the effect of friction that the liquid may 
experience on macroscopically flat solid surfaces without 
having to take into account their micro-structure. The main 
benefit, however, is that by combining these two approaches, 
i.e. taking into account the large scale structure of the sub-
strate topography and employing equation  (11) to account 
for the smaller scale structures, it becomes possible to model 
efficiently structures of multiple scales. Such an approach has 
been used for the 2D calculations presented in section 3.2.2 
below.

Along the moving interface we impose the kinematic 
boundary condition,

v v n,mesh = ⋅ (13)

where vmesh is the velocity of the mesh at the interface. Finally 
to complete our model, it is necessary to set a datum pressure 
and as such, the pressure in the gas phase is imposed to be 
equal to zero Pg  =  0, without loss of generality.

2.2. Model of the substrate topography

2.2.1. Explicit model for geometrical pattern. As it was noted 
above, for the purposes of this study both cases of a macro-
scopically flat and a structured solid surface will be examined. 
The model for the former case is quite straightforward and has 
been described above. For the case of a patterned solid surface 
we will follow two alternative routes.

The first approach is to consider explicitly the topography 
of the solid surface (see figure  1(b)) and this is taken into 
account by describing the roughness of the solid using the fol-
lowing expression

h x
p x d w

s

x w

s2
tanh

/2
tanh

/2
,1

1 1( ) ( )
⎜ ⎟ ⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎤
⎦⎥=

− +
−

−
 (14)

where w and d denote the width of troughs and crests, respec-
tively, p denotes the height of the protrusions and s is a regu-
larization parameter. Above, it has been mentioned that for the 
case of a flat substrate the distance, δ, in equation (9) can be 
taken to be equal to the vertical distance from the solid surface. 
In the case of patterned surfaces the definition of distance, δ 
is not straightforward and requires special consideration. Here 
we follow the approach of Chamakos et al [63–65] taking δ 
to be equal to the minimum distance from the solid which is 
obtained by solving the eikonal equation [71]. This approach 
will mainly be used for the 2D simulations presented below.

2.2.2. Emulate pattern with varying material properties in 
space. Despite the efficiency of the method described above, 
the computational cost becomes significantly high when it 
comes to the study of droplets on surfaces with 3D patterns. 
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To overcome this difficulty, we also propose a slightly differ-
ent approach which will be used for our 3D simulations (see 
section 3.2.3 below). Here, the focus will be on cases where 
the droplet is in ‘fakir’ state, where the presence of air pockets 
within the roughness acts as effective ‘shear free’ regions. To 
account for this effect, we adopt an approach which is similar 
to some extent to the approach presented by [20, 21] in their 
effort to model the effect of chemical heterogeneities on the 
spreading of thin droplets. In this work the substrate was con-
sidered to be flat and the effect of chemical heterogeneity was 
introduced by taking the equilibrium contact angle to be a cus-
tom function of the substrate coordinates. More specifically, 
we assume that the regions of the liquid interface above the 
gas pockets are described by negligible shear stress and that 
the equilibrium apparent contact angle between the liquid and 
the substrate becomes equal to 180°. In the regions where the 
liquid is in contact with the solid we apply the Young contact 
angle and a finite value for the slip coefficient, slβ . To achieve 
this we introduce a function of the substrate coordinates for 
the slip coefficient and wettability of the substrate and rede-
fine the parameters wls and slβ  as follows

w w f x x,ls ls 1 3( )=′ (15)

( )β β=′ f x x,sl sl 1 3 (16)

where f x x,1 3( ) is a function that describes the pattern of the 
substrate. To this end, the following equation is solved

f x x, 0,2
1 3( )∇ = (17)

while setting appropriate boundary conditions to generate the 
desired pattern. To indicate at a certain position the presence 
of the solid surface we impose f to be equal to 1 (grey areas in 
figures 13(a)–(c) below) , while f is imposed to 0 to indicate 
the presence of gas pockets (white areas in figures 13(a)–(c)).

2.3. Numerical implementation

The above set of equations is combined with an elliptic grid 
generation scheme capable of following the deformations of 
the physical domain [65, 72]. In order to resolve adequately 
the flow, the mesh is refined around the moving liquid–air or 
liquid–solid interface; a typical grid is presented in figure 2. 
The set of algebraic equations is integrated in time with the 
implicit Euler method. The model has been implemented in 
COMSOL Multiphysics® commercial software and has been 
cross-checked against our in-house FEM solver [73].

3. Results

3.1. Impact of an axisymmetric droplet onto a rigid solid 
surface

We begin our study by examining the flow dynamics of an 
impinging axisymmetric liquid droplet on a horizontal surface 
(a 0= °) and by comparing against the experimental data pre-
sented by Šikalo et al [31]. Chamakos et al [65] have shown 
that it is possible to model these experimental observations 
simply by taking into account the ever present roughness of 

a real solid substrate. This approach, however, may become 
quite computationaly demanding when the disparity between 
the scale of roughness and droplet size becomes large. In this 
case it makes sense to consider the case of a macroscopically 
flat surface and introduce the effect of friction through equa-
tion (11) as explained above. Clearly, by combining these two 
approaches it may also become possible to model structures 
of multiple scales.

Here, we consider the case of a glycerin/water mixture 
droplet (85% of glycerin) which impacts vertically a wax 
surface. The properties of the droplet as well as the corresp-
onding dimensionless numbers obtained using these para-
meters are given in table 1. For the scaling of the governing 
equations and the evaluation of the dimensionless groups we 
use as characteristic velocity, U∗, the impact velocity of the 
droplet, Uimp. For all the simulations presented below, we 
consider that the drop initially is spherical at a small distance 
above the horizontal solid surface; the initial distance between 
the lowest part of the drop and the solid is considered to be 
0.005. Note that the effect of air layer below the droplet, 
which can be potentially important [74, 75], has been ignored 
in the present study. It should be mentioned, though, that this 
is by no means a restriction of the present formulation since 
it is quite straightforward to introduce the presence of air into 
our model.

3.1.1. Validation with experimental data on a macroscopically 
smooth substrate. To set the stage for the discussion that 
follows, it is useful to examine first the case that has been 
examined by Chamakos et al [65], i.e. for U 1.037imp =  m s−1.  
Figure  3 presents the temporal evolution of the contact 
radius and dynamic contact angles for different values of the 
slip parameter, slβ . The solid line corresponds to the results 
obtained by [65] for a flat substrate (for 0slβ = ) whereas the 

Figure 2. Typical grid of an axisymmetric droplet impacting on a 
flat solid surface.

Table 1. Liquid droplet properties, size, impact velocity and 
corresponding dimensionless numbers.

Glycerin/water 
mixture R (×10−3 m)

Vimp  
(m s−1) Re Ca St

ρ = 1220 kg m−3 1.225 1.037 13.36 1.91 0.15

µ = 0.116 Pa s 1.225 1.400 18.04 2.58 0.11

σ = 0.063la  N m−1 1.225 4.111 52.97 7.57 0.04

J. Phys.: Condens. Matter 28 (2016) 085101



G Karapetsas et al

6

square symbols correspond to the experimental data presented 
by [31]. It is shown that for finite values of the slip coefficient, 

slβ , the droplet decelerates faster (see figure 3(a)) and this is 
due to the friction that the fluid experiences along the con-
tact area with the solid surface. Increasing the value of slβ  the 
boundary condition that is applied in the region of the solid 
wall turns gradually from a shear-free condition to an essen-
tially no-slip boundary condition for large values of slβ  (see 
equation (11)). As it is shown in figure 3(b), apart from the 
contact line radius, the slip coefficient affects significantly the 
dynamic contact angle. In the case of perfect slip, the dynamic 
contact angle very soon attains the value of the equilibrium 
contact angle whereas increasing the value of slβ  the model 
follows much closer the experimental data. For large values 
of slβ  ( 10sl

3β > ) the effect of friction on the flow dynamics 
is negligible since 10sl

3β ≈  appears to be sufficient in order 
to recover the no-slip boundary condition along the solid sur-
face and hence to describe adequately the flow near a rough 
surface; this in agreement with the findings of Chamakos 
et al [65] who noted that beyond a certain roughness factor 
threshold the flow dynamics remain practically unaffected. In 
dimensional terms, given that the size of the droplet radius is 
approximately equal to 1 mm, 10sl

3β ≈ –104 corresponds to a 
dimensional slip length of 0.1–1 μm which is roughly of the 
same order with the roughness of the wax surface used by 
Sikalo et al [31].

At this point we should note that although the agreement of 
our results (assuming 10sl

3β = ) with the experimental data is 
very good for the major part of the simulation, a discrepancy 
arises at late times (see figure 3(b)). This could be attributed 
to our assumption of a macroscopically flat substrate since 
as it is shown in [65] for a microscopically rough substrate 
the simulation follows more closely the experimental data. 
At late times the droplet reaches its maximum radius and the 
flow decelerates significantly as it enters the phase of recoil. 
At that point the geometrical characteristics of the solid sur-
face become increasingly important since the flow becomes 
very slow and the droplet has the time to adjust to the rough-
ness of the substrate. The latter effect may actually lead to the 
pinning of the contact line which explains the appearance of 
a local maximum of the dynamic contact angle at late times 
before the droplet starts to recoil. Clearly this effect cannot be 

taken into account when considering a macroscopically flat 
substrate unless this is done e.g. by introducing the effect of 
chemical heterogeneities along the solid surface [20, 65].

To examine the predictive capability of our model we fix 
for the remaining part of our study the value of the slip coef-
ficient, slβ , which we consider to be a parameter that charac-
terizes the substrate, to 10sl

3β = . In figure 4 we present the 
dynamics of the same impinging droplet for three different 
impact velocities and compare against the experimental data 
of [31]. As it is shown, without any other fitting, the model 
is able to describe very well the dynamics of spreading even 
at high values of the Re and Ca numbers, except for the very 
late stages of the flow for the reasons mentioned above. In the 
case of highest impact velocity we also note a discrepancy 
that arises in the prediction of the dynamic advancing contact 
angle at early times which can potentially be attributed to the 
effect of the surrounding air which has been ignored in the 
present study.

3.1.2. Impact on a patterned substrate. Now that we have 
demonstrated that the proposed scheme can describe ade-
quately the experimental observations for a macroscopically 
flat substrate, we continue our study by examining the case of 
a droplet impinging on a structured substrate. Here, the large-
scale pattern of the solid surface is described by equation (14), 
while the dissipative effect of the micro-scale roughness is 
taken into account through the use of a finite slip coefficient, 

slβ . For the calculations to be presented in this section, the 
width of troughs and crests are considered to be w  =  0.1 and 
d  =  0.1, respectively, while the value of the regularization 
parameter is s  =  0.02; (for a millimeter sized droplet this cor-
responds to widths of  ∼100 μm).

In figure 5 we present a simulation of a droplet impinging 
on a surface with stripes of height p  =  0.07 for Re 1=  and 
Ca 0.7= ; the corresponding value of the Weber number, 
which represents a measure of the relative importance of 
the fluid’s inertia compared to its surface tension, is equal 
to We ReCa 0.7= = . As the droplet impacts the surface, it 
decelerates near the solid surface and soon after the droplet 
comes into contact with the solid, it impregnates the two 
grooves near the center; figure  5(d) depicts a contour plot 
of the axial velocity field and the streamlines at t  =  0.3 in a 

Figure 3. Evolution of the (a) contact radius and (b) dynamic contact angle of an impinging glycerin/water (85%) mixture droplet on 
wax surface: experimental data from Sikalo et al [31] against simulations for different values of the slip coefficient, βsl, and =Re 13.36, 
=Ca 1.91, =St 0.15 and θ = 93.5Y . The dynamic contact angle is evaluated at height 0.01 from the substrate.

(b)(a)
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zoomed area inside the first groove near the axis of symmetry, 
as the impalement takes place. Apparently, the capillary forces 
in the groove cannot resist the dynamic pressure acting at the 

liquid–gas interface and the latter collapses. This is not the 
case, however, in the outer groove which is only partially 
wetted by the liquid even at late times (see figure 5(c)).

Figure 4. Evolution of the (a) dynamic contact angle and (b) contact radius of glycerin/water (85%) mixture droplet impinging on a 
horizontal wax surface with various impact velocities for θ = 93.5Y  and β = 10slip

3. Comparison with experimental measurements by Sikalo 
et al [31].

(b)(a)

Figure 5. Contour plots of the axial velocity at (a) t  =  0.3, (b) t  =  0.8 and (c) t  =  2 for a droplet impinging on a structured substrate with 
θ = °120Y . Panel (d) depicts a zoom of the axial velocity fields and the streamlines inside the first groove near the center at t  =  0.3. The 
remaining parameters are =Re 1, =Ca 0.7, β = 10slip

3, w  =  0.1, d  =  0.1, p  =  0.07.
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In order to investigate further the predictions of our model, 
we produced a flow map presented in figure  6 where we 
examine the final droplet state for various values of the We 
number and pillar heights, p. As expected, for small pillar 
heights the droplet fully wets the topography of the solid sur-
face even in cases where the kinetic energy of the droplet is 
relatively small (low value of We). The number of pillars that 
will be wetted and consequently the resulting apparent contact 
angle, however, depends on the actual value of the We number. 
On the other hand, for pillars of large height the droplet ends 
up in a ‘fakir’ state and the range of We number where this 
‘fakir’ state is possible increases with increasing height of the 
pillars. Nevertheless, when the kinetic energy of the droplet is 
large (high values of We) the ‘fakir’ state can no longer be sus-
tained and partial wetting is observed. These results are in line 
with the experimental observations in the case of bouncing 
droplets [40, 41, 76] where typically pinning of the droplet 
takes place provided the impact velocity is large enough, due 
to the collapse of the liquid–gas interface in the structures of 
the solid wall, while it is hindered by the presence of tall struc-
tures due to the persistence of the ‘fakir’ state of the droplet. 
The three distinct regions, shown in figure 6, correspond to 
the three different wetting states predicted by Deng et al [77], 
i.e. the total non-wetting state (‘fakir droplet’), the total wet-
ting state and the partial wetting state, where the liquid pen-
etrates into the internal grooves of the striped surface while 
it partially penetrates into the external grooves leaving their 
ground dry. Note that, the presence of such intermediate states 
has also been confirmed recently both by static and dynamic 
computations [62, 70].

The ability of the proposed scheme, given its simplicity 
and robustness, to model efficiently cases with multiple con-
tact lines and the ability to handle a change in the topology 

could prove useful in many engineering applications where 
e.g. it is desired to design surfaces so that drops do not adhere 
to them but instead bounce off, due to their ability to stay dry, 
self-clean or resist icing.

3.2. Droplet spreading on an inclined surface

We continue by investigating the predictions of our model for 
a droplet sliding on an inclined flat or structured substrate. 
Note that for this part of our study we consider a different 
scaling for the velocity field. In contrast to the above sec-
tion, here a characteristic velocity does not exist and as such 
we use instead U gR=∗ . Under this formulation, the Re 
and St numbers, as defined in section 2, both reduce to the 
Archimedes number, gRAr /3ρ µ= . Regarding the initial 
condition, for all the simulations presented below we consider 
that the drop initially rests at equilibrium on a horizontal solid 
surface before the solid becomes inclined at angle, a.

3.2.1. Cylindrical (2D) droplet on a macroscopically flat  
substrate. First we examine the simplest case of cylindrical 
(2D) droplet on a macroscopically flat substrate. For the simu-
lations presented in figure 7 we consider the same glycerin/
water mixture droplet (85% of glycerin) as above (properties 
and size of the droplet are given in table 1) resting on a surface 
with 93.5Yθ = °. At t  =  0 the surface is inclined at 45° and the 
droplet starts to slide due to the effect of gravity. The con-
tour plot of the radial velocity at a late time instant (t  =  30), 
i.e. when the drop has reached a steady motion, is presented 
in figure 7(a), while the evolution of the dynamic advancing 
and receding contact angles are plotted in figure 7(b). As it is 
shown, the interplay of the liquid motion with the solid sur-
face, and in particular the friction that the liquid experiences 

Figure 6. Flow map with different resulting states of an impinging droplet on a structured surface for various values of the We number and 
pillar heights, p. The remaining parameters are =Re 1, θ = °120Y , β = 10slip

3, w  =  0.1, d  =  0.1.
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along the solid gives rise to dynamic hysteresis which is natu-
rally predicted by our model. For this particular case, the dif-
ference between the dynamic advancing and receding contact 
angles at late times amounts to approximately 9°. As expected, 
we find that the prediction for contact angle hysteresis depends 
significantly on the value of slβ  which controls the amount of 
friction that the fluid experiences (see figure 7(c)). For 0slβ =  
(full slip) there is no hysteresis whereas for large values of 
this parameter the dynamic hysteresis appears to converge to 
a limiting value.

It is important to note that, although the proposed model 
has a built-in capability to predict the effect of dynamic hys-
teresis, in the case of a macroscopically flat surface it does 
not provide a prediction for the static contact angle hyster-
esis which is often observed in experiments. This is due to the 
fact that, according to equation (11) and for a homogeneous 
substrate, if there is no motion there is no resisting force to 
gravity which implies that the droplet will slide for arbitrarily 
low inclination angles, albeit with a very small velocity. As 
it will be shown below, the effect of static hysteresis can be 
predicted by our model, e.g. by taking into account the effects 
of a structured substrate.

3.2.2. Effect of substrate topography: cylindrical (2D) droplet.  
Here, we examine the case of structured substrates and the 
effect of topography on the induced contact angle hysteresis 
and flow dynamics. In figure 8 we present the case of a drop-
let sliding on a surface with trapezoid structures. We select 
a case with rather shallow structures in order to create a sur-
face that macroscopically looks smooth; the width of troughs 
and crests are w  =  0.02 and d  =  0.02, respectively, while the 
height of the protrusions is p  =  0.005, see equation (14); the 
value of the regularization parameter is s  =  0.004. Figure 8(a) 

depicts the evolution of the dynamic advancing and receding 
contact angles for two different inclination angles. When the 
substrate is tilted at 10°, the droplet rearranges from its equi-
librium shape and the apparent advancing and receding con-
tact angles diverge from their initial equilibrium values which 
for this case is approximately equal to 124.5°. The front part 
of the droplet initially spreads along the solid surface while 
the rear part of the drop remains pinned. The high frequency 
oscillations of the advancing contact angle (see figure 8(a)) 
are due to the reconfiguration of the liquid–air interface as 
the droplet spreads along the asperities of the substrate. After 
this initial phase of elongation the droplet soon reaches a new 
equilibrium state and remains stationary thereafter. Clearly, 
in the case of a structured substrate the model predicts the 
effect of static hysteresis, unlike the case of a macroscopically 
flat substrate where no static hysteresis is predicted. From our 
calcul ations we evaluate the static contact angle hysteresis to 
be approximately equal to 33°.

Increasing the inclination angle to a 15= ° the droplet 
starts to slide along the solid surface and acquires a constant 
average velocity; the contour plot of the radial velocity at 
t  =  30 is depicted in figure 8(b). Due to the finite size of the 
asperities of the solid substrate the droplet does not reach an 
actual steady state since the liquid–air interface exhibits an 
oscillatory behaviour as the droplet moves along them; this 
is clearly reflected on the evolution of the advancing and 
receding contact angles shown in figure  8(a). The average 
contact angle hysteresis for this case is found to be approxi-
mately equal to 41° which results from the contributions of 
both static and dynamic hysteresis. It should also be noted 
that for the specific simulation the slip coefficient was taken 
to be equal to 0slβ =  while calculations for finite values of slβ  
(e.g. 10sl

3β = ) led to negligible differences (not shown here 

Figure 7. Glycerin/water (85%) mixture droplet sliding on an inclined ( °45 ) wax surface; =Ar 1.413, =Ca 0.202 and θ = 93.5Y . (a) Long 
time shape and contour plot of the radial velocity, ur, at t  =  30. Evolution of (b) the dynamic advancing and receding contact angles for 
β = 10sl

3 and (c) the contact angle hysteresis for various values of βsl.

(b)(a)

(c)
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for conciseness). This is due to the fact that the effective shear 
stresses arise macroscopically simply because of the structure 
of the substrate and essentially give rise to a no-slip boundary 
condition at the wall even for 0slβ = .

Lately, there has been increased interest in super-hydro-
phobic surfaces for their ability to repel liquid water and 
increase drop mobility. It has been shown that when a hydro-
phobic surface is covered with micro-structures the repellency 
may be considerably enhanced by the presence of gas pockets 
trapped at the solid-liquid interface [29, 30], limiting the con-
tact between the liquid and the solid. To examine whether this 
behaviour can be predicted by our model we consider two 
surfaces with smooth protrusions, the geometrical character-
istics of which are shown in figure 9. In both cases we con-
sider protrusions of the same maximum height (p  =  0.04) and 
vary the shape and distance between the protrusions in order 
to favour either the Wenzel wetting state (figure 9(a)) or the 
Cassie–Baxter wetting state (figure 9(b)); we also assume that 
the material is very hydrophobic ( 130Yθ = °). In the former 
case the width between the protrusions is 0.2 (the distance 
between two successive peaks) whilst in the latter the stripes 
are closer to each other with a maximum width of 0.12. The 
roughness factor, defined as the ratio of the actual over the 
apparent surface area, is evaluated to be approximately equal 
to rf  =  1.12 and rf  =  1.49, respectively.

Starting from the equilibrium state (at t  =  0 the inclination 
angle is a 0= °) the droplet is inclined at a 60= °. Naively, 
one would expect that the droplet mobility would decrease in 
the case of high rf value since we would expect that viscous 
dissipation would be more enhanced on a rougher surface. 
However, as it is shown in figure 9 the opposite is actually 
found to be true since it is shown that at t  =  6 the droplet actu-
ally covers larger distance in figure 9(b) than in figure 9(a). 
The difference of the center of mass velocity between these 
two cases is depicted in figure 10(a). To rationalize this behav-
iour we must look closer to the liquid–solid interface. As it is 

shown in figure 9(a) the liquid has impaled the solid rough-
ness whereas in figure 9(b) the droplet sits on top of the pro-
trusions minimizing the contact between the liquid and the 
solid surface and therefore leading to increased mobility of 
the droplet, in agreement with experimental observations [29, 
30, 78, 79]. It should be noted that the presence of gas pockets 
(shown in figure 9) has not been predefined in any way but 
is actually predicted by the model given the geometry of the 
specific substrate topography.

In figure 10(b) we examine the evolution of the dynamic 
advancing and receding contact angles. At the early stages of 
spreading, the period of oscillations for the advancing contact 
angle is smaller than for the receding contact angle. This is due 
to the fact that at this stage the droplet elongates and wets more 
pillars at the front than at the rear. After some time, the droplet 
ceases to elongate and reaches a quasi-steady state motion 
while the oscillations of both contact angles become in-phase. 
For the ‘fakir’ droplet we find that the average dynamic hys-
teresis is approximately equal to 48° whereas for the Wenzel 
state is 57°, suggesting that air inclusions indeed result in 
the decrease of the contact angle hysteresis. Experimentally 
it has been observed that the contact angle hysteresis in the 
‘fakir’ regime is generally very low (about 5°–10°) [80]. In our 
case, however, the scale of the substrate structures, although 
it is relatively small it is still comparable to the size of the 
droplet and it has been argued that for meaningful measure-
ments of apparent contact angles, the drops should be much 
bigger (probably by three orders of magnitude) than the scale 
of roughness or chemical heterogeneity [81]; this condition is 
clearly not met in our simulations. Moreover, our 3D simula-
tions, which are presented below, seem to indicate that the 
type and directionality of the structures with respect to motion 
of the droplet also play an important role and should be taken 
into account. Nevertheless, the prediction of the decrease 
of the dynamic hysteresis in the case of a ‘fakir’ droplet is 
encouraging and evidently in qualitative agreement with 

Figure 8. (a) Evolution of the dynamic contact angles for two different inclination angles (top: α = °10 , bottom: α = °15 ) and (b) contour 
plot of the radial velocity, ur, at t  =  10 of a droplet sliding on an inclined ( °15 ) surface; =Ar 10, =Ca 0.1, θ = °117Y , β = 0sl , w  =  0.02, 
d  =  0.02 and p  =  0.005.

(b)(a)
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Figure 9. Droplet profiles at t  =  0, 3 and 6 for a droplet sliding on a inclined structured substrate ( °60 ) which promotes (a) the Wenzel 
wetting state and (b) the Cassie–Baxter wetting state; =Ar 2, =Ca 0.2, θ = °130Y  and β = 10sl

3. An animation of the present simulation is 
given in stacks.iop.org/JPhysCM/28/085101/mmedia.

Figure 10. Evolution of the (a) center of mass velocity and (b) dynamic advancing and receding contact angles for two different 
geometries. (c) Dependence of the oscillation amplitude of the dynamic advancing and receding contact angles ( θ θ θ∆ = −i i i,max ,min,  
i  =  a, r) on the material wettability, θY. The remaining parameters are =Ar 2, =Ca 0.2, θ = °130Y , β = 10sl

3 and = °a 60 .

(a) (b)

(c)
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experiments. We should note at this point that in an attempt to 
model a case of super-hydrophobic surface with hierarchical 
topographical features, we have also performed a simulation 
for a case similar to figure 9(b) assuming 150Yθ = °; we used 
a higher value for Yθ  to indicate that the contact angle will 
be increased due to the presence of small-scale structures. 
Interestingly, it is found that in this case the predicted value 
of the average dynamic hysteresis decreases significantly (it is 
found to be approximately equal to 5°) as expected and in line 
with experimental observations.

Another interesting observation is the fact that in both 
cases shown in figure  10(b), the sharp oscillations of the 
dynamic advancing contact angle have smaller amplitude than 
the ones of the receding contact angle. Clearly, one factor that 
plays a significant role is the shape and size of the substrate 
structures. As it was shown in figure  8, for structures with 
relatively small height the oscillation amplitude does not vary 
significantly between the advancing and receding contact line 
regions, whereas for taller structures, as in figure 10, this is 
clearly not the case. Our simulations also indicate that another 
factor that plays a role is the equilibrium contact angle of the 
substrate. Figure 10(c) depicts the dependence of the average 
oscillation amplitude of the dynamic advancing and receding 
contact angles ( i i i,max ,minθ θ θ∆ = − , i  =  a, r) on the value 
of the equilibrium contact angle, Yθ . Interestingly, we find 
that the oscillation amplitude of the advancing contact angle 
decreases with increasing Yθ  in contrast to the amplitude of the 
receding contact angle which remains practically unaffected.

To rationalize this behaviour we need to look in detail the 
pinning and de-pinning process as the droplet slides along 
the asperities of the solid surface. This is done in figure 11 
which presents the droplet profiles for both geometries at time 
instants where this process actually takes place. The insets 
in this figure, zoom around the contact line area while the 
horizontal dashed lines indicate the baseline where the con-
tact angles are typically evaluated. As the contact line retracts 
at the rear of the drop, it moves along both the upward and 
downward parts of the protrusions which naturally leads to 

significant variations of the apparent contact angle as the 
droplet accommodates its shape. On the other hand, the pic-
ture is somewhat different at the advancing front because as 
the liquid–air interface advances it may actually touch the 
tip of the protrusion ahead thus creating a new contact line 
there. As a result, the contact line at the front actually feels 
only the upper part of the protrusions which leads in turn to 
smaller variations of the apparent advancing contact angle. 
The latter effect is expected to be enhanced for substrates with 
increasing hydrophobicity, which explains why the amplitude 
of the oscillations decreases with increasing values of Yθ  (see 
figure 10(c)) or for pillars with closer distance to each other.

3.2.3. 3D droplet on flat and patterned substrates. In order 
to examine the effects of substrate topography for even more 
realistic cases, we have also performed simulations for the 
case of 3D droplets. Figure  12(a) presents a simulation for 
a 3D droplet with Ar 1.413=  and Ca 0.202=  on a macro-
scopically smooth hydrophobic surface ( 120Yθ = °) with an 
inclination angle 90°. Notice that for these simulations we use 
different values for the disjoining pressure constants (C1  =  8, 
C2  =  6, A  =  0.038); the local curvature at the contact line 
attains smaller values and is easier to resolve with coarser grids 
without overly affecting the solution accuracy (see also [65]). 
The difference between the advancing and receding contact 
angle is clearly shown in the side view of figure 12, while the 
top view of this figure shows that the droplet acquires an oval 
shape in line with experimental observations [9–12].

At this point we would like to make a comment regarding 
the relation of wettability and adhesion properties of the mat-
erial, due to a misconception that is often encountered in the 
literature. It is well known that the increase of hydrophobicity 
is often accompanied by a decrease of adhesion which is typi-
cally attributed to the decrease of the contact area between 
the liquid and the solid. Note, however, that this is not always 
true. A characteristic example of such a case is the ‘rose 
petal effect’, where droplets wet rough surfaces with high 
apparent contact angles, accompanied with strong adhesion 

Figure 11. Profiles of a droplet sliding on an inclined structured substrate ( °60 ) which promotes (a) the Wenzel wetting state at t  =  1.85, 
1.9 and 1.95 and (b) the Cassie–Baxter wetting state at t  =  1.45, 1.5 and 1.55; =Ar 2, =Ca 0.2, θ = °130Y  and β = 10sl

3. The insets depict 
a zoom near the front and rear contact lines and the horizontal dashed lines indicate the baseline where the contact angles are evaluated.
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to the substrate [82–85]. Apparently, the adhesion properties 
do not depend solely on the wettability, but may also depend 
on the geometric configuration of the liquid–solid interface 
(e.g. Cassie–Baxter versus Wenzel state) and this implies that 
the two effects, at least macroscopically, should be exam-
ined separately. In order to examine the effect of wettability 
separately from the adhesion properties of the material on the 
dynamic hysteresis we keep constant the value of slβ  and plot 
in figure 12(b) the aspect ratio of the drop footprint for various 
value of Yθ . With increasing hydrophobicity of the material 
the aspect ratio increases for a given inclination angle, which 
indicates an increase of the dynamic hysteresis. The latter 
behaviour may seem counter-intuitive, however, we should 
keep in mind that the constant value of slβ  implies that the 
adhesion properties of the material remain unchanged. The 
increase of the dynamic hysteresis with Yθ  may actually be 
attributed to the increase of the maximum height of the droplet 
which makes the droplet susceptible to larger deformation due 
to the effect of gravity.

Next we turn our attention to the case of structured sub-
strates focusing mainly on cases where the droplet is in Cassie–
Baxter state. As explained in section 2.1, in order to avoid the 
high computational cost, the effect of substrate topography is 
taken here into account through the use of equations (15) and 
(16) and assuming a flat solid surface. The regions of the liquid 
interface above the gas pockets is described by negligible 

shear stress and degree of wetting ( 180Yθ = °) whereas in 
the regions where the liquid is in contact with the solid the 
equilibrium Young contact angle and a finite value for the slip 
coefficient, slβ , are applied. Figure 13 depicts the footprints of 
a droplet sliding downwards on a surface with pillars or with 
stripes which are parallel or vertical to the direction of motion 
at t  =  10 and for the same para meters as in figure 12. The grey 
areas in the figure indicate the regions where the liquid is in 
contact with the solid surface. As expected the shape of the 
outer contact line is affected significantly by the presence and 
geometrical characteristics of the structures. The latter also 
affect significantly the sliding velocity of the droplet and as 
it is shown in figure 13(d), the pillared surface provides less 
resistance to the motion of the droplet due to the decreased 
contact area between the liquid and the solid.

The evolution of the dynamic advancing and receding con-
tact angles exhibits an oscillatory behaviour as the contact line 
moves along the asperities of the solid surface similarly to the 
cases of figures  8 and 10(b). The amplitude of these oscil-
lations along with the average values of both contact angles 
and their difference over a large time range (5  <  t  <  10) is 
presented in table 2; note that the contact angles have been 
evaluated at the mid-plane of the drop. As it is shown, the hys-
teresis for the case of pillars and stripes parallel to the droplet 
motion decreases in comparison to the case of a homogeneous 
substrate. Interestingly, it is found that the effect of hysteresis 

Figure 12. 3D droplet sliding on a flat inclined surface ( °90 ). (a) Contour plot of the velocity magnitude for θ = °120Y  and (b) footprint 
aspect ratio as a function of θY; =Ar 1.413, =Ca 0.202, β = 10sl

3, C1  =  8, C2  =  6, A  =  0.038 and =ε 0.008.

(a) (b)

Table 2. Minimum, maximum and average values of the dynamic advancing and receding contact angles and average contact angle 
hysteresis for various types of substrates during 5  <  t  <  10; =Ar 1.413, =Ca 0.202, α = °90 , θ = °120Y , β = 10sl

3, C1  =  8, C2  =  6, 
A  =  0.038 and =ε 0.008.

θa,min θa,max θ̄a θr,min θr,max θ̄r ¯ ¯θ θ−a r

Homogeneous 126.1 126.1 126.1 113.1 113.1 113.1 13.0
Pillars 142.8 150.4 146.1 135.2 148.4 139.5 6.6
P stripes 140.2 140.3 140.3 133.9 134.2 134.0 6.3
V stripes 129.2 146.6 136.3 114.1 141.8 120.1 16.2
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increases considerably when the droplet moves vertically to 
the direction of the stripes, indicating that the directionality is 
an important factor and should be taken into account. At this 
point we should note that when considering a 2D droplet on a 
structured substrate (e.g. see the case of figure 10(b)) the flow 
resembles more the case of figure 13(c) and this could also 
provide an explanation why the predicted hysteresis in this 
case is significantly higher than the experimental observations.

4. Summary and conclusions

We have carried out a numerical investigation of droplets 
impacting or sliding on inclined complex solid surfaces. We 
focused on the prediction of the dynamic contact angles and 
the effect of static and dynamic hysteresis and how the latter 
depend on factors such as the inclination angle, droplet size, 
surface tension and topography of the substrate.

An efficient sharp-interface model has been employed, 
which treats the liquid–gas and liquid–solid interfaces in a 
unified context. The micro-scale liquid–solid interactions are 
taken into account through a type of Lennard–Jones poten-
tial. The robustness of this scheme is due to the fact that the 
dynamic contact angles emerge ‘naturally’ as a result of the 

liquid–solid micro-scale interactions, capillary pressure and 
viscous stresses without the need of imposing an explicit con-
dition at the contact line and without any requirement for the 
predefinition of the number and position of the contact lines 
present in the system. As it is shown, the model is particularly 
efficient in the case of flows with changes in the topology, 
e.g. in the case of an impinging droplet. In addition, the pro-
posed modelling approach can be trivially used to examine 
the effect of the any kind of complex geometrical structure  
of the substrate (even hierarchical patterned solid surfaces) on 
the spreading dynamics—a difficult task for the conventional 
sharp-interface hydrodynamic models, because it allows the 
modelling of interfacial dynamics in the presence of multiple, 
a priori unknown, dynamic contact lines. It is also shown that 
the model has a built-in capability to predict the effect of con-
tact angle hysteresis and especially for the case of structured 
solid surfaces it is possible to predict the effect of static hys-
teresis for a given geometry of the substrate.

Our parametric study focuses mainly on surfaces com-
posed of hydrophobic materials. We examine the case of an 
impinging droplet and compare against earlier experimental 
observations in the literature for smooth substrates. We also 
examine the case of droplet impact on structured surfaces and 
it is shown that the final state of the droplet, i.e. whether it will 

Figure 13. Footprint profiles of a 3D droplet sliding downwards on a inclined surface ( °90 ) with (a) pillars (λ λ= = 0.4x x1 3 ), (b) parallel 
(λ = 0.4x1 ) and (c) vertical (λ = 0.4x3 ) stripes to the direction of motion at t  =  10. (d) Evolution of the droplet mean velocity for various 
types of substrates; =Ar 1.413, =Ca 0.202, θ = °120Y , β = 10sl

3, C1  =  8, C2  =  6, A  =  0.038 and =ε 0.008.

(a) (b) (c)

(d)
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impregnate the solid structures or not, depends on the initial 
kinetic energy of the droplet and the aspect ratio of the solid 
structures, in line with earlier experimental observations. In 
addition, we investigate the droplet dynamics sliding on an 
inclined flat or structured substrate. As expected, for homoge-
neous and macroscopically flat solid surfaces the model pre-
dicts a finite dynamic contact angle hysteresis and no static 
hysteresis. Interestingly, in the case of a structured substrate 
the model additionally predicts the effect of static hysteresis 
and the droplet slides only beyond a critical inclination angle. 
We also examine structures which may promote the Cassie–
Baxter wetting state and demonstrate that the presence of air 
inclusions trapped in the micro-structure of a hydrophobic 
substrate result in the decrease of contact angle hysteresis and 
in the increase of the droplet migration velocity in qualitative 
agreement with experimental observations for super-hydro-
phobic surfaces. Finally, we present 3D calculations which 
indicate that the directionality of the substrate topography 
with respect to the droplet motion may affect significantly the 
observed contact angle hysteresis.
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